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Abstract 

In this paper, Killing vectors of spherically spacetimes have been 
evaluated in the context of teleparallel theory of gravitation. Further, 
we investigate the Killing vectors of the Friedmann metrics. It is found 
that for static spherically spacetimes the number of Killing vectors 
turn out to be seven while for the Friedmann models, we obtain six 
teleparallel Killing vectors. The results are then compared with those 
of General Relativity. We conclude that both of these descriptions 
of gravity do not provide the consistent results in general. However, 
these results may coincide under certain conditions for a particular 
spacetime. 
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1 Introduction 



The concept of symmetry is much helpful to find the solution of many prob- 
lems in physics. The connection between symmetries and conservation laws 
in physics has both fundamental significance and great practical utility. The 
symmetries of curved spacetimes are generated by Killing vectors (KVs) also 
called isometrics. Some other spacetime symmetries are Ricci collineations 
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(RCs), curvature coUineations (CCs) and matter coUincations (MCs). These 
symmetries help to solve the Einstein field equations (EFEs) and to clas- 
sify their solutions. Thus symmetries play a significant role in describing 
the geometry of a spacetime. Much work has been done to explore these 
symmetries during the last two decades. Petrov [1] was the first who consid- 
ered the four-dimensional spacetime to solve the Killing equations. Bokhari 
and Qadir [2,3] gave a complete classification of static spherically symmetric 
spacetimes. Ziad and Qadir [4,5] extended this work and obtained a complete 
classification of non-static spherically symmetric spacetimes. 

Teleparallel theory of gravity (TPG) was introduced by Einstein in his 
unsuccessful attempt to unify electromagnetism and gravitation [6]. This is 
considered as an alternative description of gravitation which corresponds to 
a gauge theory for the translation group [7] based on Weitzenbock geometry 
[8]. Here the non-zero torsion plays the role of force [9] and curvature tensor 
vanishes identically. In this approach, there are no geodesies and the gravita- 
tional interaction is described by force equations similar to the Lorentz force 
equations of electrodynamics [10]. Thus we can say that the gravitational 
interaction can be described in terms of curvature as is usually done in GR 
or in terms of torsion as in TPG. 

In this theory, tetrad plays the role of basic entity instead of the met- 
ric tensor as in the case of GR. The tetrad formulation of gravitation was 
considered by M0ller with attempts to define the energy of the gravitational 
field. In 1961, M0ller revived Einstein's idea of unification of gravitation 
and electromagnetism and presented a theory which based on tetrad field 
instead of metric tensor [11]. Later, Pellegrini and Plebanski [12] found a 
Lagrangian formulation for absolute parallelism. Hayashi and Nakano [13] 
independently worked to formulate the gauge theory of the spacetime trans- 
lation group. Hayashi [14] also pointed out the connection between the gauge 
theory of spacetime translation group and absolute parallelism. During the 
last two decades, much attention has been given to analyze the basic solu- 
tions of GR with TPG and comparing the results. There is a great hterature 
available [15-24] on the study of TP versions of the exact solutions of GR. 

Recently, Sharif and Jamil [25,26] have found the TP versions of the 
Friedmann models, Lewis-Papapetrou spacetimes and stationary axisym- 
metric solutions of the Einstein-Maxwell field equations. They have ex- 
plored the energy-momentum distribution of these solutions [27] by using 
certain energy-momentum density developed from M0ller's tetrad theory. 
Further, they have evaluated the energy contents of static axially symmet- 
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ric spacetimes [28] by using TP version of four prescriptions, namely, Ein- 
stein, Landau-Lifshitz, Bcrgmann- Thomson and prescription developed from 
M0ller's tetrad theory. In a recent paper, the same authors [29] introduced 
the idea of symmetry of a spacetime with torsion only. For this purpose, 
they defined the TP version of Lie derivative and found the corresponding 
Killing equations. They evaluated the TP KVs of the Einstein universe. 

This paper extends the above work by evaluating the TP KVs of static 
spherically symmetric and the Friedmann spacetimes. The results are com- 
pared with those available in GR. The layout of the paper is as follows. In 
section 2, we shall give brief review of fundamental concepts of TPG. Section 
3 is devoted to explore the KVs of static spherically symmetric spacetimes. 
In section 4, the TP KVs of the Friedmann metrics have been investigated. 
The last section contains discussion and conclusion of the results obtained. 

2 A Brief Review of Teleparallel Theory of 
Gravity 

In TPG, the gravitational field is described by the tetrad field h"" ^ which has 
been used to define the Weitzenbock connection [10] as 

= hj>d,h\, (1) 

with respect to which tetrad is parallel: 

V.h\ = h\,, - T\,h% = 0. (2) 

This is called the absolute parallelism condition, i.e., tetrad are parallely 

transported in the Weitzenbock spacetime. Greek alphabets (/i, i/, p, ... = 
0,1,2, 3) denote spacetime indices and Latin alphabets (a, b,c, ... = 0, 1, 2, 3) 
represent tangent space indices. Spacetime indices and tangent space indices 
can be replaced by tetrad field satisfying 

= h%h^^5\. (3) 

The presence of non-trivial tetrad field induces both Riemannian and TP 
structures on a spacetime and gives rise to the Riemannian metric as a by 
product [10], i.e., 

g^u = Vabh^'i.h^. (4) 
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The torsion of the Weitzenbock connection is defined as 

The relationship between the Weitzenbock and Levi-Civita connections is 

rV = r°V + ^V> (6) 

where 



K\. = -[T,\ + T^\-T%A (7) 



^1 

is a tensor quantity known as contortion tensor and T^^ is the Levi-Civita 
connection of GR 

r°^. = ^^'"(^M^a. + d,g,^ + d,g^,) . (8) 

The TP Lie derivative of a covariant tensor of rank 2 along a vector field ^ 
is defined [29] as 

{£^A)^, = V + (V^r)^p. + {'^ui')A^p. (9) 

where Vp represents TP covariant derivative given as 

^ p-^nv — ^ixvip pv^^e ~ r^p^Agj^. (10) 

In terms of torsion tensor, this can be written as 

{£^A)^, = e^A^,,, +A,,^P,, H'{Ae,T%^ + A^eT\,). (11) 

Similarly, for a contravariant tensor of rank 2, the TP Lie derivative turns 
out to be 

{£^AY'' = i<'A^\p -AP'^e^p -A^'i^p -e{A^"T%p + A^'^T^p). (12) 
The extension of this definition to a mixed tensor of rank r + s is given as 

//...I/ S ^ p...v,oi 0...1/S -iP p...a<, lU 

_ Aa...a tp _ _ AP---ct to- 
^ IJ,...u<, la ■■■ ^ p...u<, 

+ C{A'-''f3...uT''p^ + ... + AP-\,„pTf,^ 

- A^-%....rv - - - A''-^....TV), (13) 

where = r and = s. 

The Kilhng equations in TPG are defined as 

£ii9pu = 0. (14) 

In component form, it can be expressed as 

9pu,pe + gp^e^p +9ppe,u +e{9euT\p + g^eT^p) = 0. (15) 
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3 TP Killing Vectors of Static Spherically Sym- 
metric Spacetimes 

The most general static spherically symmetric spacetime is given [30] as 

ds^ = e^'^'Ue - e^^'^Ur^ - r^dO^ - sin^ Odcf)''. (16) 

Using the procedure [29], the non- vanishing components of the Weitzenbock 
connection are of the form 



r%i = [lnv«,., T\, = ^^^ = T\,, r\i = [lnv/=^,„ 

1 — T 

r 21 = - = r 31, r 22 = , , r 23 = cot 6* = r 32, 

1^33 = -sin 5 COS ^, ri33 = r^22sin2^. (17) 
The only non-zero components of the torsion tensor are 

T%i = -[In = -^(1 - v^) = ^^31. (18) 

Using these values of the components of torsion tensor in Eq.f llSp . we get the 
following system of ten partial differential equations 

e = A{r,e,<j)), (19) 

e'e,o - e^e,! - = 0, (20) 

r'e,o - e^e,2 = 0, (21) 

r^in2e%-er,3 = 0, (22) 

+ 2e\i = 0, (23) 

e,, + -,e,2 + ^-^^e = o, (24) 

+ + l^e^ = 0, (25) 
r'' sm r 

e + = 0, (26) 

e,3 + sm'ee,2 = 0, (27) 

v^<e^ + rcot^^2 + r^% = 0, (28) 



where prime represents derivative with respect to r. 

Solving Eqs. (12H]) . and (^E^ simultaneously, we get 

^1 = e'^Bi{t, (p) cos e + 82(1, (p) sine}, (29) 

^2 = --{Si(t,0)sin^-52(t,0)cos6'} + C(t,0)e-^("\ (30) 
r 

where 

/■ 1 — 62 

F{r) = / —dr. (31) 

J r 

Substituting this value of in Eg. (1271) . we have 

= i{Si3(t,(/))ln|csce-cot^| + 52 3(t,0)csc^} 
r 

- C,3it,<j))e-^^''> cote + D{t,r,<j)). (32) 

Using these values in the remaining equations, it follows that 

e = e-tco, 

= e~2 {ci cos 6* + (c2 cos + C3 sin (;/)) sin6'}, 

= — {ci sin ^ — (c2 cos + C3 sin (/)) cos6'} + e~^^^''(c4 cos + C5 sin 0), 
r 

= -{(c3 cos (/) — C2 sin 0) CSC ^} 
r 

— e"^'-'"-' cot e{c4 sin — C5 cos (p) + c^e"^^^'^ . (33) 

Thus we obtain seven TP KVs of static spherically symmetric spacetimes 
given as 

?(o) = e 

d d 
^(2) = e-^(") (cos 0— -cot ^ sin (/)—), 

d d 

C(3) = e"^(''^(sin0— + cot6'cos0— ), 

?(4) = e 2 cose*- smfc/— , 

or r oe 



-A.^ ; d 1 , _9 1., 

M5) — 6 2sm6'cos0— — I — cos cos 6'— sin0csct/— , 

or r ov r ocp 

_\ . „ . , d 1., „9 1 , ^ d 
ae) = e 2 sm fc'sm 0— + - sm 0cos6'— + - cos0csc t^— . (34) 

or r 06 r ocp 

4 TP Killing Vectors of the Friedmann Mod- 
els 

The metric representing the FRW models is given [31] as 

ds" = de - a^{t)[dx^ + fk\x){de^ + sin' Od(j)% (35) 

where 

fkix) = sinhx, 

= sin X, k = +1, (36) 
The non-zero components of the Weitzenbock connection are 



"pl "p2 T-'S 

i in — i 9n — i 



a 

10 = i 20 = J- 30 = -) 

a 

r^22 = -fk, r\s = T\2sm^e, 

T->2 _ r-s _ 1 r'2 _ T-i3 _ T-i2 f/ 

i 12 — i 13 — 7-, i 21 — i 31 — i 12/fc, 

= -sin^cos^, r=^23 = cot^ = r=^32, (37) 

where dot and prime denote the derivatives with respect to t and x respec- 
tively. Consequently, the non-vanishing components of the torsion tensor 
are 

T-il _ T-'2 _ ^^3 _ T-il _ ^^2 _ ^3 _ ^ 
10 — -t 20 — -t 30 — 01 — "-t 02 — — -t 03 — ! 

a 

T\ = T\i = -T\2 = -T\^ = ^{l-fl). (38) 

Jk 

In component form the TP Killing equations for this metric turn out to be 

e° = A(x,^,0), (39) 



e = Bit,e,^), (40) 

e,3 + sm^ 9^,2 = 0, (41) 

«'^\o - ^% + adC' = 0, (42) 

dfke + afke,2 + = 0, (43) 

fk'e,i+e,2-fk{i-me = o, m 

sin^ ee,, + e,3 -fk{l- m sm^ Oe = O, (45) 

afk^ + ae + afk cot Oe + a/^e^a = 0, (46) 

«'A'e',o-e°,2 + «a/fc'e' = 0, (47) 

aVfc' sin^ ee,o - e°,3 + aa/fc'sin^ 6^ = 0. (48) 



Solving Eqs.dS]), (HH) and (H?]) along with Eqs.([3n]) and (HO]), we get 

a = cit + C2 and 

^0 = e^W{Ai(0)^ + A2(0)}, 

= ^{Si(0)cose + 52(0) sin e}, 

e = -VW{^i(0)^ + ^2(0)^} 
a 2 

^{i?i(0) sin ^ - i?2(0) cos ^} + C(t, X, 0), (49) 

where 

Fix) = J ^-J^dx. (50) 
Now solving Eqs. fl4ip and fl46p along with Eq. fl49l) . we have 

^0 = e^(>^)(c3</>+C4)^ + C50 + C6, 

= -{(c70 + cs) cos6' + (cgcosc/) + Closing) sin6'}, 

e = -VW{(C30 + C4)^ + (C50 + C6)^} 

a 2 
— — ^{(c70 + cg) sin 6* — (cg cos + cio sin </>) cos 6} 

+ Ci(t, x) COS0 + C2(t, x) sin0, 

= -VW{(C3^+C40)^+(C5^+C60)} 
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— — — { (cg sin (j) — cio cos 0) sin 9} 

O'Jk 

— — 7— {(c9sin(/) — ciocos0) cos6'} 

O-Jk 

— cot e{Ci{t, x) sm cl)-C2{t,x) COS cl)} + D{t,x,e), (51) 
Using these values of ^"^ and in the remaining equations, we obtain 

e = 0, 

= -{ciCOS^ + (c2 cos + Casing) sin 

1 e^(^) 
= ^ ^ ~ (^2 cos + C3 sin 0) cos ^} H {04 cos + C5 sin 0}, 

= — { (c2 sin — C3 cos (p) sin 6} — ^'^^ ^ { (c2 sin — C3 cos 0) cos ^} 

o/fe ajk 

e^(^) cot 61 e^(^) 

— {c4sin0 — C5 COS0} + Cg . (52) 

a a 

This leads to six TP KVs of FRW spacetimes 





eF{x) g 
a 50' 






Cd) 


— {sin 0— + cot ^cos ( 

a d9 








— {cos 0— — cot 6* sin ( 

a o9 






^(3) 








^(4) 


1 r/ • /I 1 „ 9 , 

^ a^^''''%^Tk''''^de^ 


COS(^ — 


1 

/fc 


^(5) 


= -{ sm^— + — cos^— ) 
a dx fk 99 


sin(^ + 


1 



d 

(53) 
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5 Summary and Discussion 



This paper is devoted to investigate the symmetries in the teleparallel theory 
of gravitation. We have evaluated TP KVs for static spherically symmetric 
spacetimes and the Friedmann metrics. We find that there exist seven TP 
KVs of static spherically symmetric spacetimes while there are four KVs in 
GR. If we compare KVs of TPG and OR, it follows that ^(o) and ^(p) (p = 
1,2,3) in TPG are multiple of the corresponding KVs in GR by e~2 and 
g-^Cf") respectively. The first four TP KVs coincide to the four KVs of GR 
(as given in appendix A) for z/ = and F{r) = 0, i.e., for A = 0. These 
conditions reduce the metric flTBl) to Minkowski spacetime in spherical polar 
coordinates. On the other hand, under these assumptions, Eq. flTK]) implies 
that all components of the torsion tensor will become zero and hence the TP 
Killing equations will reduce to the Killing equations of GR. This yields the 
trivial four KVs of the spherical symmetry. The remaining three TP KVs are 
due to the non-vanishing components of the torsion tensor involving in the 
TP Killing equations. In view of these results, it can be conjectured that: 
In TPG, the number of independent KVs are restricted to seven for all static 
spherically symmetric spacetimes. 

We have also explored TP KVs of the Friedman models. It is found 
that these are six TP KVs for each model similar to GR [32]. However, the 
comparison of these results with those in GR shows that, for k = 0, the first 
four TP KVs (^(p) (p = 0, 1, 2, 3) are multiple of the corresponding KVs of GR 
by ^ while the remaining KVs are different. This difference occurs because of 
the presence of the torsion components in TP Killing equations. For a{t) = 1, 
the first four KVs are the same in both GR (as given in appendix A) and 
TPG which leads to Minkowski spacetime. In TPG, the value of scale factor 
is found to be a{t) = Cit + C2 which exactly matches with the value found [30] 
in GR for ci = and C2 = 0. For both open and closed FRW models, the 
KVs do not match in both the theories. This difference is due to the same 
reason and hence the Lie algebra of these TP KVs is not closed. 

We conclude that the results of KVs do not coincide for the two theories. 
It seems that the reason is the non- vanishing components of torsion. It would 
be interesting to explore the compatibility of the two theories TPG and GR 
and interpret exactly the TP KVs corresponding to GR. 
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Appendix A 



Killing Vectors of Static Spherically Symmet- 
ric Spacetimes in GR 

Killing vectors for static spherically symmetric spacetimes in GR are 



d_ 

di 
d_ 



d 



d 

= COS0— -cot^smc/)— , 

. , d n , d 

C(3) = sm(^— + cot^cos(/)— . 



(Al) 



Killing Vectors of Priedmann Spacetimes in 
GR 



Linearly independent KVs associated with the FRW models are [43] : 
For A; = 

d_ 

- sm 0— + cot 8 cos 0- 



e(o: 

^(5 



de ' ^^90' 
.9 . . . ^ 

COS0— - cot6'sm0— , 
o9 0(j) 

[cose- sm^— ), 

dx X 99 

/./.^ 1 n 9 . , 1 ^ . I 9 

(sm^— — I — cost'—) COS0 csc6'sm0— — , 

dx X 99 X 9(j) 

, ■ n 9 1 n9 . . , 1 ^ , d 

(sm6'— — I — cost/—) sm0H — esc t/ cos 0—. 
ox X 99 X 9(j) 



For A; = 1 



(A2) 
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^(1) = sin0^ + cot^cos(/)^, 
^(2) = coS(^^ -cote sin 0^, 

C{3) = (cos^^-cotxsin^^), 

d d d 

64) = (sin 6*— — h cot X cos 6*—) cos — cot X CSC 6' sin 0—, 
^ ' ox oO 0(p 

d d d 

^(5) — (sin 6'- — h cot Y cos 6'—) sine!) + cot Y CSC e cose!)— . (A3) 
^' dx 89 d(j) 



For 



d_ 

d d 
^(1) = sin0— + cote COS 

^(2) = cos0^ -cote Sin 0^, 

d d 
^(3) = (cose— -cothx sine— ), 

i(4) = (sine— — h cotlix cose— ) cos — cothx CSC e sin ^—, 
^ ^ ox o9 0(j) 

d d d 

~ (sine-;- — hcothYCose— ) sine!) -|-cothY CSC e cos 0—. (A4) 
■^(o) dx 89 d(j) 
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